Abstract. We prove some general results about quasi-actions on trees and define Property (QFA), which is analogous to Serre's Property (FA), but in the coarse setting. This property is shown to hold for a class of groups, including SL(n, Z) for n ≥ 3. We also give a way of thinking about Property (QFA) by breaking it down into statements about particular classes of trees.
Introduction
The notion of a group quasi-action on is the natural coarse generalization of an isometric group action (See Section 2 for precise definitions.). The main motivating question for this paper is:
Question 1.1. What kind of groups admit (or don't admit) nontrivial quasi-actions on trees?
Quasi-actions on bounded valence bushy trees were studied in [9] , where it was shown that such quasi-actions are always quasi-conjugate to isometric actions on trees. The same is not true for quasiactions on R or on infinite valence bushy trees. Part of the reason for this is that isometric actions on R-trees are always quasi-conjugate to actions on simplicial trees, but this is not the complete story. Examples of quasi-actions on simplicial trees which are not quasi-conjugate to actions on R-trees are given in [8] . Such "exotic" quasi-actions on trees appear to be plentiful, but it is not clear how much information can be obtained from them.
Recall that a group G is said to have Property (FA) if for any isometric action of G on a simplicial tree T , there is some fixed point for the action (that is, there is some point x ∈ T so that the orbit Gx = {x}). Definition 1.2. We will say that a group G has Property (QFA) if for any quasi-action of G on T , then there is some x ∈ T so that the orbit Gx has finite diameter (equivalently, every orbit has finite diameter).
Here is a brief outline. Section 2 consists mainly of definitions and can probably be skipped by the expert. In Section 3 we prove some useful facts about quasi-actions on trees. In Section 4 we use these facts to prove Property (QFA) for a class of groups including SL(n, Z), n ≥ 3. In Section 5 we try to understand Property (QFA) by breaking it into statements about different kinds of trees.
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Preliminaries

Coarse geometry.
Definition 2.1. If X and Y are metric spaces, K ≥ 1 and C ≥ 0, a (K, C)-quasi-isometric embedding of X into Y is a function q : X → Y so that For all
If in addition the map q is coarsely onto, i.e., every y ∈ Y is distance at most C from some point in q(X), then q is a (K, C)-quasi-isometry. The two metric spaces X and Y are then said to be quasi-isometric to one another.
We will occasionally abuse notation by referring to the image of γ as a quasi-geodesic.
→ gx, so that the following hold:
We call a quasi-action cobounded if for every x ∈ X, the map A(−, x) : G → X is coarsely onto.
A coarsely equivariant quasi-isometry is called a quasi-conjugacy.
Example 2.5. Let f : G → R be a quasicharacter ; i.e., suppose that |δf
2.2.
Quasi-trees and other hyperbolic spaces. All metric spaces will be assumed to be complete geodesic metric spaces, and the distance between two points x and y will usually be denoted d(x, y).
Several equivalent definitions and a much fuller discussion of δ-hyperbolic metric spaces can be found, for instance, in [2] , Chapter III.H. We will use a definition which emphasizes the "arboreality" of hyperbolic spaces. Given a geodesic triangle ∆(x, y, z) in any metric space, there is a unique comparison tripod, T ∆ , a metric tree so that the distances between the three extremal points of the tree, x, y and z , are the same as the distances between x, y and z (See Figure 1. ). There is an obvious map π : ∆(x, y, z) → T ∆ which takes x to x, y to y and z to z, and which is an isometry on each side of ∆(x, y, z).
Definition 2.6. The space X is δ-hyperbolic if for any geodesic triangle ∆x, y, z and any point p in the comparison tripod T ∆ , the diameter of π −1 (p) is less than δ.
Definition 2.7. Let x, y, z ∈ X. The Gromov product of x and y with respect to z is (x, y) z = 
Thus a quasi-geodesic γ : R → X picks out two distinct points of ∂X. We will say that γ limits on these points. It is possible to topologize X ∪ ∂X so that this is strictly correct. Note that if G quasi-acts on X, then it acts by homeomorphisms on ∂X.
Definition 2.9. If X is a δ-hyperbolic metric space on which G (quasi-)acts, and g ∈ G, let O g,x : R → X be defined by O g,x (t) = g [t] x, where [t] is the largest integer smaller than t. If O g,x has bounded image, we say g (quasi-)acts elliptically. If O g,x is a quasi-geodesic, then we say g (quasi-)acts hyperbolically.
It is not hard to check that Definition 2.9 is independent of x and agrees with the standard definitions in case G acts isometrically. It has the added benefit of being invariant under quasiconjugacy. In the case that G acts isometrically on X, and g ∈ G acts hyperbolically, then g always has a quasi-axis, a quasi-geodesic whose image is invariant under the infinite cyclic group g . Indeed if x ∈ X, and γ 0 : [0, 1] → X is a geodesic segment with γ 0 (0) = x and γ 0 (1) = gx, then the reader can easily verify that γ : R → X is a continuous quasi-geodesic, if we define
Example 2.10. If the quasicharacter f : G → R from Example 2.5 above is a homomorphism restricted to each cyclic subgroup, it is called a pseudocharacter or homogeneous quasicharacter. As in Example 2.5, the pseudocharacter f induces a quasi-action of G on R. A group element g ∈ G quasi-acts hyperbolically if and only if f (g) is nonzero. Unless f is identically 0, the quasi-action is cobounded.
Definition 2.11. A quasi-tree is a complete geodesic metric space quasi-isometric to some simplicial tree (All simplicial trees are assumed to be endowed with a path metric in which every edge has length 1.).
Quasi-trees satisfy a particularly strong form of δ-hyperbolicity.
Lemma 2.12. If X is a quasi-tree, then there is a δ > 0 so that:
(1) For any two points x and y in X, and any point p on a geodesic between x and y, any path from x to y must pass within δ of p.
Proof. Exercise.
2.3.
Bounded cohomology, amenability, and Trauber's Theorem. We give only a few needed facts here. For fuller discussion of these topics, see [7] and [6] .
We give the definition of bounded cohomology for groups only.
This cochain complex is a subcomplex of complex C * (G; R) of all real valued functions on G, G × G, and so on. The cohomology of C * (G; R) is the ordinary cohomology of G with real coefficients.
Definition 2.14. A quasicharacter is an element f of C 1 (G; R) whose coboundary δf lies in C 2 b (G; R). The quasicharacter f is a pseudocharacter if in addition f (g n ) = nf (g) for all n ∈ Z and g ∈ G. In either case we define δf = sup g, h ∈ G |δf (g, h)|. The relationship between quasicharacters and pseudocharacters and bounded cohomology is a major tool for understanding H 2 b in certain situations (see for example [1] and [6] ). We will need only two facts about amenable groups. First, nilpotent groups are amenable. Second:
For a definition of amenability and a proof of Theorem 2.16 see [6] .
Lemmata
This section contains some general results about quasi-actions on trees by (finitely generated) groups. The key idea is that quasi-actions on trees and isometric actions on quasi-trees are essentially equivalent. Lemma 3.1 gives a way to replace a quasi-action on a tree by an isometric action on a Cayley graph which is a quasi-tree. In 3.2 it is shown that there is no such thing as a "parabolic" isometry of a quasi-tree. In 3.3 we show how to obtain a pseudocharacter from a quasi-action on a tree which fixes two ends.
3.1. Getting some action. Recall that if G is a group and S some (not necessarily finite) generating set, then we may form the Cayley graph Γ(G, S) by setting Γ(G, S) 0 = G and connecting g to gs with an edge whenever s ∈ S. We make Γ(G, S) a metric space with a path metric in which every edge has length 1. Then G acts on the left by isometries of Γ(G, S).
Lemma 3.1. Suppose a finitely generated group G quasi-acts on a simplicial tree T . Then there is a generating set S for G so that the Cayley graph Γ(G, S) embeds coarsely equivariantly and quasiisometrically in T . Specifically, for x ∈ T and R sufficiently large, we may take
Proof. We suppose that G has a (K, C)-quasi-action on the simplicial tree T . Let S 0 be a finite generating set for G, and let Γ 0 = Γ(G, S 0 ) be the associated Cayley graph. Fix x ∈ T and define π 0 : Γ 0 → T by π 0 (g) = gx. We may assume π 0 sends each edge to a geodesic. For s ∈ S 0 and g ∈ G we have:
We now set S = {s ∈ G | ∃h ∈ G, d(s(x), x) ≤ R}, as in the statement of the lemma. We let Γ = Γ(G, S) and extend π 0 to π : Γ → T which we may also assume sends each edge to a geodesic. To show that π is a quasi-isometric embedding, we must bound d(π(p), π(q)) above and below by affine functions of d(p, q). We may restrict our attention to the case when both p and q are vertices (group elements), as Γ is quasi-isometric to its zero-skeleton.
Suppose that d(p, q) = 1. Then there is some s ∈ S so that p = qs and so
, π(q)) ≥ 2D by our choice of R. Let z be the point on the geodesic [π(p), π(q)] which is a distance of 3D/2 from π(p). This point is in the image of Γ(G, S), and so there is a group element
is. Thus we can travel from p to q in Γ by traversing at most d(px, qx)/D + 1 edges. In other words,
We now show π is coarsely equivariant. Again, we may restrict attention to vertices of X. Let p be a vertex of X, and let g ∈ G. We need a universal bound on d(g(π(p)), π(g(p)). Since p is a vertex of X it is a group element, and so π(g(p)) = π(gp) = (gp)x and π(p) = px. By the definition of a
, (gp)x) ≤ C, and so π is coarsely equivariant.
Remark 3.2. Note that the isometric action we obtain from 3.1 is quasi-conjugate to the original quasi-action only in the cobounded case (compare Theorem 1 of [9] and Proposition 4.4 of [8] ). This disadvantage is balanced by the fact that we may now work with a left-invariant metric on G itself. Proof. Suppose that Γ = Γ(Z, S) is a quasi-tree of infinite diameter. Let δ ≥ 1 satisfy the conclusion of Lemma 2.12.
If x, y ∈ Z, we use d(x, y) for the distance in Γ and use the absolute value notation for distance in R. Let x ∈ Z be such that 101δ ≥ d(0, x) ≥ 100δ. This will imply that for any point p ∈ Γ, d(p, x + p) ≥ 100δ − 1 ≥ 99δ. We consider two geodesic triangles ∆ 1 and ∆ 2 in Γ, with vertices {0, −x, x} and {0, x, 2x} respectively. We may assume that ∆ 2 = x + ∆ 1 . As Γ is a δ-hyperbolic, ∆ 1 and ∆ 2 map onto comparison tripods T 1 and T 2 isometrically on each edge, so that the diameter of a fiber is at most δ. These comparison tripods fit together in one of two ways, as shown in Figure 2 . In either case we have an obvious map π from ∆ 1 ∪ ∆ 2 to a "quadruped" made by gluing together T 1 and T 2 at the comparison points 0 and x and all the points in between. Because T is δ-hyperbolic, the diameter of π −1 (p) is less than 2δ for any p. We first rule out the case where (−x, (Figure 2a ). Note that in this case the four legs of the quadruped must have the same length (i.e. A = C = B = D in Figure 2a ). If q is the midpoint between 0 and −x in ∆ 1 , then the image (x + q) is the midpoint between 0 and x and is contained in ∆ 1 ∩ ∆ 2 . Thus π(q) = π(x + q), and so d(q, x + q) ≤ 2δ. But this is a contradiction, since d(q, x + q) ≥ 99δ.
Thus our quadruped must appear as in Figure 2b . In this case we have A = D and B = C. Let p be the vertex of the quadruped closest to 0, and let p 1 ∈ [0, −x], p 2 ∈ [0, x], and p 3 ∈ [−x, x] be the elements of π −1 (p) (see Figure 3) . Then
Since p 3 is on the geodesic from x to −x, any path from x to −x must pass within δ of p 3 , by the bottleneck property of quasi-trees. Thus a 4δ neighborhood of 0 must separate x from −x (Recall that d(0, x) is at least 100δ.).
We now show that the map f : Γ → R given by f (n) = n is a quasi-isometry. It suffices to show that d(m, n) is bounded above and below by affine functions of |m − n|. Let D 0 = d(0, 1). Then clearly d(m, n) ≤ D 0 |m − n|. We retain our choice of x from before. Suppose that N = kx for some integer k, and let γ be a geodesic in Γ from 0 to N . Because a 4δ-neighborhood of 0 separates −x from x, it must also be true that a 4δ-neighborhood of M x separates (M − 1)x from (M + 1)x for any integer M . Thus γ must pass within 4δ of all the integer multiples of x between kx and 0, and so d(N, 0) ≥ |k|100δ − |k|8δ = 92|k|δ For an arbitrary n, let k be such that kx < |n| ≤ (k + 1)x. Then
which implies for arbitrary m and n that
implying that f is a quasi-isometric embedding. The image of f contains Z, and so f is coarsely onto and hence a quasi-isometry.
Remark 3.4. Note that the lemma is not true if we do not assume Γ is a quasi-tree. Consider, for example, the Cayley graph of Z with respect to the generating set S = {1, 2, 4, . . . , 2 n , . . .}.
Corollary 3.5. If a group G quasi-acts on a tree T , then every g ∈ G quasi-acts hyperbolically or elliptically. In particular, if G acts isometrically on a quasi-tree X, then every g ∈ G acts hyperbolically or elliptically.
Proof. Applying Lemma 3.1 to g yields a Cayley graph of g which embeds coarsely equivariantly and quasi-isometrically in the tree T . If g is finite, then g acts elliptically. Otherwise g ∼ = Z, and we may apply Lemma 3.3.
Extracting a pseudocharacter.
Lemma 3.6. Suppose ρ : X → R is a (R, ǫ)-quasi-isometry, where X is a graph. Then there is a
Proof. Suppose that ρ : X → R is a (R, ǫ)-quasi-isometry. By adjusting ρ to be affine on edges and allowing ǫ to get a bit larger, we may assume that ρ is continuous. As ρ is a (R, ǫ)-quasi-isometry, the diameter of ρ −1 (0) is at most ǫ. Furthermore, X \ q −1 (0) has exactly two unbounded path components, which we denote P and M . We define a new map
Proof. First we bound the diameter of ρ ′−1 (0). If x and y are both in ρ −1 (0), then d(x, y) ≤ ǫ. Suppose that p ∈ ρ ′−1 (0) \ ρ −1 (0). By continuity, there is some z ∈ P ∪ M so that ρ(z) = ρ(p). Any path from z to p must of course pass through ρ −1 (0). Thus d(p, ρ −1 (0)) < d(z, p) ≤ ǫ, and so the diameter of ρ ′−1 (0) is at most 2ǫ. Let c ∈ R \ {0}, and suppose x and y are in ρ ′−1 (c). If ρ(x) = ρ(y), then d(x, y) ≤ ǫ. Note that x and y are either both in P or both in M , so the signs of ρ(x) and ρ(y) are the same. Suppose that |ρ(y)| > |ρ(x)|. Let z ∈ ρ −1 (0), and let x ′ be a point on the geodesic from z to y so that
We now show that ρ ′ is a (1, 11ǫ)-quasi-isometry. Let x, y ∈ X. By the previous claim, we may assume ρ ′ (x) = ρ ′ (y). We then have (up to switching x and y) three cases to consider:
, which differs by at most 2ǫ from d(x, y). In case 2, let a ∈ ρ −1 (0) be a point with |ρ
We may not be able to find a and b with d(x, a) = |ρ ′ (x)| and d(x, b) = |ρ ′ (y)| since X may be locally infinite.). Let z be a point on the intersection with ρ −1 (0) with some geodesic between x and y ( Figure 4 ). Then |ρ 
by Claim 3.7. Since x ′ lies on a geodesic between y and b and d(a, b) ≤ ǫ we can continue:
Combining the upper and lower bounds just obtained, we see that in case 3, |ρ ′ (x) − ρ ′ (y)| cannot differ from d(x, y) by more than 11ǫ. In all the other cases, |ρ ′ (x) − ρ ′ (y)| is even closer to d(x, y), and so ρ ′ is a (1, 11ǫ)-quasi-isometry.
Lemma 3.8. Suppose the finitely generated group G quasi-acts on a simplicial tree T so that two points e 1 and e 2 in ∂T are fixed by the induced action on ∂T . (Equivalently, we may suppose that G acts by isometries on some quasi-tree X, fixing two points in ∂X.) Then there is a pseudocharacter p : G → R so that p(g) = 0 if and only if g acts elliptically.
Proof. Let γ be the geodesic in T limiting on e 1 and e 2 and let x = γ(0). We claim that the orbit Gx is within a bounded distance of γ. Let g ∈ G. If we start with a (K, C)-quasi-action, then it follows that gγ is a (K, C)-quasi-geodesic. Since e 1 and e 2 are fixed, gγ is a quasi-geodesic which limits on the same points in ∂X as γ. Thus by a well-known lemma (see for example Corollary 2.4 of [5] ), gγ lies in a B-neighborhood of γ, where B is a constant which only depends on K and C. We may assume that some a ∈ G acts hyperbolically; otherwise simply set p = 0. By Lemma 3.1 we can choose some S ⊂ G so that the map π : Γ(G, S) → T given by π(g) = gx is a coarsely equivariant quasi-isometric embedding. The image of π lies within a B-neighborhood of γ, so Γ(G, S) must be quasi-isometric to R.
By Lemma 3.6, there is a (1, ǫ)-quasi-isometry ρ : Γ(G, S) → R for some ǫ. By composing with an isometry of R, we may assume that ρ(1) = 0. We now show that the map q : G → R defined by q(g) = ρ(g) is a quasicharacter (that is, |q(gh) − q(g) − q(h)| is bounded independently of g and h). Say that g ∈ G is irreversible if q(g) = 0 and the signs of q(hg) − q(h) and q(g) agree for all h in G.
Claim 3.9. For some R depending only on Γ(G, S), if |q(g)| is larger than R then g is irreversible.
Proof. Suppose that g is not irreversible; i.e., suppose that the signs of q(hg) − q(h) and q(g) differ for some h ∈ G. For clarity we suppose that q(g) is positive. Let a ∈ G be some element so that any orbit a x for x ∈ T is unbounded. By Corollary 3.5 this element must act hyperbolically on Γ(G, S). Thus a has an (L, D)-quasi-axis γ in Γ(G, S). We may suppose that γ(0) = 1 and that ρ • γ| [0,∞) limits on +∞. Since G fixes both elements of ∂Γ(G, S), ρ • h • γ| [0,∞) also limits on +∞.
We will bound |q(g)| in terms of L, D, and ǫ.
Since ρ is a continuous (1, ǫ)-quasi-isometry, and ρ
There are two cases, depending on whether or not
In other words there must be some
Let g, h ∈ G. If h is not irreversible, then |q(h)| ≤ R, and so d(gh, g) = d(h, 1) ≤ R + ǫ. Thus |q(gh) − q(g)| ≤ R + 2ǫ and |q(gh) − q(g) − q(h)| ≤ 2R + 2ǫ. So we suppose that h is irreversible. Thus the sign of q(gh) − q(g) is the same as the sign of q(h). Since d(gh, g) = d(h, 1), the magnitude |q(gh)−q(g)| is within 2ǫ of |q(h)|. Thus |q(gh)−q(g)−q(h)| ≤ 2ǫ. In both cases |q(gh)−q(g)−q(h)| is bounded above by 2R + 2ǫ, and so q is a quasicharacter.
Let p(g) = lim n→∞ q(g n )
n . Then p : G → R is a pseudocharacter which differs by a bounded amount from q. Each g ∈ G acts either elliptically or hyperbolically on Γ(G, S) (Corollary 3.5), and p(g) = 0 if and only if g acts elliptically.
A class of groups with Property (QFA)
In this section we give an example of how the results of Section 3 can be used to establish Property (QFA). (g 1 , . . . , g n ) of elements of G so that any g ∈ G is equal to g α1 1 · · · g αn n for some tuple (α 1 , . . . , α n ) of integers. This is easily seen to be equivalent to the following condition: There is some finite set {g 1 , . . . , g n } ⊂ G so that the Cayley graph Γ(G, S) has finite diameter for any S ⊇ {g m i | i ∈ {1, . . . , n}, m ∈ Z}. In either case we say that G is boundedly generated by the elements g 1 . . . , g n . Theorem 4.3. Let G be a group which is boundedly generated by elements g 1 , . . . , g n , so that for
Proof. Suppose that G quasi-acts on some tree T . By Lemma 3.1, there is some Cayley graph X for G which quasi-isometrically and coarsely equivariantly embeds in T . Since X quasi-isometrically embeds in T , X is a quasi-tree. By Lemma 4.1, each g i acts on X (and thus quasi-acts on T ) elliptically.
Fix p ∈ T . We must show that the orbit Gp is bounded. Let R > sup i∈{1,...,n},n∈Z d(p, g n i p). Since each g i has bounded orbits, we may find such a finite R. By perhaps increasing R, we may assume that R is large enough that Γ(G, S) coarsely equivariantly quasi-isometrically embeds in T , for S = {g ∈ G | d(gp, p) ≤ R} (applying Lemma 3.1). But since S ⊇ {g m i | i ∈ {1, . . . , n}, m ∈ Z}, the Cayley graph Γ(G, S) has finite diameter. It follows that the orbit Gp has finite diameter. Let Λ be a cocompact lattice in SU (3, 3). Since su(3, 3) is quasisplit, Λ is boundedly generated [10] . Since the rank of SU (3, 3) is 3, Λ has Property (T ) and in particular H 1 (Λ; R) = 0. By Corollary 1.6 of [3] , H with H 2 (G; R) = 0. Since G is a central extension of a boundedly generated group by Z, it is also boundedly generated. It is not hard to show that G has also has Property (FA). Since H * b does not change when we take central extensions (see [7] , Section 3.1), H 2 (G; R) = 0, we must have c = δf for some f : G → R, and this f can be taken to be a pseudocharacter.
For similar reasons, although Kazhdan's Property (T ) implies Property (FA), it does not imply Property (QFA). For example, let G be a uniform lattice in the group of isometries of a quaternionic hyperbolic space Sp(n, 1) for n ≥ 2. Such a group is known to have Property (T ). On the other hand, G is quasi-isometric to quaternionic hyperbolic space, and thus G is non-elementary word hyperbolic. No non-elementary word hyperbolic group can have Property (QFA), since such a group admits (an infinite dimensional family of) nontrivial pseudocharacters [5] .
If f t is not identically zero, then it is a nontrivial pseudocharacter on H. It is then possible to build a quasi-action of G on R so that t acts as a reflection. Namely, we set A(g, x) = f t (g) + x if g ∈ H −f t (h) − x if g = th for h ∈ H Each group element acts as an isometry, so we only need to show that (α)(βx) and (αβ)x are uniformly close. Again there are four different cases, depending on whether α and β lie in H or tH. All four cases may safely be left to the diligent reader. Since f is assumed to be nontrivial, it is unbounded on H, and thus this quasi-action is cobounded.
(2) implies (1):
We assume that there is a cobounded quasi-action of G on R and produce a pseudocharacter. Any element of G must either switch ±∞ or preserve them. Thus either G or an index two subgroup of G fixes ±∞. We may then apply Lemma 3.8 to obtain a nontrivial pseudocharacter on the subgroup of G fixing ±∞.
Of course it remains to give a satisfactory account of (QFAC).
